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Abstract
Lateral displacements’ control of structures subjected to earthquake ground motion has now been recognized as a key factor
in the assessment of system performance, leading to design approaches that use displacements rather than forces as the starting
point for the seismic evaluation of structures. In fact performance-based approaches offer significant advantages in comparison
with traditional force-based approaches, since the former are capable of focusing on nonlinear behaviour and consequent damage
to the structure, in contrast to the latter.
Lateral displacement demand, particularly in structures that exhibit nonlinear behaviour, can be significantly affected by the
features of strong ground motion, i.e., amplitude, frequency content and duration. Such characteristics are in turn profoundly
influenced by the irregularity and changeability in earthquake ground motions, which should therefore be taken into account
appropriately. The great number of strong motion records gathered throughout the last decades in the most widely varying soil-site
conditions has made accounting for soil-site effects in the characterization of elastic and inelastic displacement demands feasible.
The aim of this paper is to present the results of numerical investigations on the response of both single-degree-of-freedom
(SDOF) and multiple-degree-of-freedom (MDOF) systems, through nonlinear time-history analyses performed on the basis of
a wide data set of strong motion records. Constant ductility spectra of the ratios of the maximum inelastic displacement to the
corresponding maximum elastic demand were derived for this purpose. In particular, the influences of earthquake magnitude,
source-to-site distance, local soil-site conditions, ductility and hysteretic behaviour were quantified. Finally, simplified expressions
for the ratio of the maximum inelastic to the maximum elastic displacement were established, in order to allow the evaluation of
inelastic displacements for new or rehabilitated structures for which the global displacement ductility can be estimated, directly
from the knowledge of the corresponding elastic demands.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The evaluation of seismic performance and the prediction of the structural response to earthquake excitation
are the foremost concerns in the field of seismic engineering. Generally accepted standpoints of seismic design
methodologies establish that structures should be capable of resisting relatively frequent, minor intensity earthquakes
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without structural damage nor damage to nonstructural elements, moderate earthquakes without structural damage,
though with the experience of some nonstructural damage, and severe, infrequent earthquakes with damage to both the
resisting systems and to nonstructural components. Accordingly, unless structures are designed to possess extremely
large strengths towards lateral forces, inelastic deformations are to be expected, and, to a certain extent, even accepted
during severe earthquakes. Under such circumstances, the strength requested of the structure reaches the yield value,
while the deformation demand remains below the deformation capacity of the structure itself.
In this context, most of the past efforts in improving seismic design codes have been directed to a design approach
centred only on supplying structures with an adequate level of strength. Actually, forces enjoy a primary role
in the procedures which constitute the force-based design methodologies, while deformations are merely object
of checks towards the conclusion of the design process. However, as it is well known, deformations resulting
from lateral displacements are responsible for both the structural damage and a large portion of the nonstructural
damage experienced in buildings as a consequence of earthquake ground motions. Therefore, the assessment of the
demand in terms of lateral displacements assumes primary importance in performance-based earthquake resistant
design, and in general whenever issues of damage control are relevant. In the development of performance-based
earthquake engineering methods, displacements rather than forces have now been recognized as the most appropriate
and direct indicators of the structural performance [1–4]; therefore, it is essential to evaluate lateral deformation
demands in structures when exposed to earthquakes with different levels of intensity. To attain this goal, the seismic
design problem is outlined through a demand–supply formulation, according to which the displacement demands
are estimated in advance, in order to ascertain the mechanical characteristics that structures should be supplied
with.
In this regard, it is worth recalling that a demand parameter can be defined as a quantity apt to relate the seismic
input, i.e. the ground motion, to the structural response, and thus, as a response quantity obtained by filtering the
ground motion through suitable structural filters, constituted of linear or nonlinear oscillating systems. Essential
tools in acquiring precious insight into both the nature of earthquake ground motions and the structural response
are response spectra, i.e., the graphs of the maximum response versus the fundamental period or frequency of a
single-degree-of-freedom (SDOF) system subjected to a given, base level accelerometric input.
Recent studies have revealed that current criteria used as the basis of the seismic design of new structures, as well
as of the seismic assessment of existing ones, can be significantly enhanced through an explicit account of lateral
displacement demands [5–13]. More specifically, simple yet reliable methods which allow us to make use of the
results of linear elastic analyses for the estimation of the maximum inelastic demands have been proving themselves
to be indispensable tools of analysis. Such a subject has been investigated into since the 1960s [14,15], and more
recently a renewed interest has arisen in the relationship between the maximum inelastic displacement demand and
the corresponding elastic displacement demands. In particular, Veletsos and Newmark [14] noticed that, according
to the so-called equal-displacement rule, in the low-frequency range of the spectrum the maximum displacement of
the inelastic systems may be considered the same as the maximum displacement of the associated elastic system, and
thus the knowledge of the maximum elastic displacements may provide reasonable estimates of the inelastic ones.
Lately, Miranda [16], Decanini et al. [12], Ruiz-Garcia and Miranda [17] and Chopra and Chintanapakdee [18] have
presented a series of results of statistical studies aimed at increasing engineering comprehension of the implications
and effectiveness of the ratio of the maximum inelastic to the maximum elastic displacement for SDOF systems in
the analysis of structural behaviour in the short period range, and attempting a definition of limiting periods of the
spectral regions where the equal-displacement rule is applicable. Conversely, the ratio of the maximum inelastic to the
maximum elastic displacement was shown to diverge significantly from unity in the moderately high to high frequency
spectral regions. As a matter of fact, for short to intermediate period ranges, the maximum inelastic deformations could
be significantly higher than the maximum elastic deformations, depending on the characteristics of the ground motion
and on the ductility of the system.
Hence the lateral displacement demand, particularly in structures that exhibit nonlinear behaviour, can be
significantly affected by the features of strong ground motion, i.e., amplitude, frequency content and duration. Such
characteristics are in turn profoundly influenced by the quality of different soil and rock layers, the mechanism of
transmission of earthquake waves through contiguous layers, the modalities of reflection and refraction of earthquake
waves from the boundaries of the various layers, the effect of the different characteristics of the layers themselves, as
well as the differences in the source mechanisms related to any single ground motion and the mechanical properties
of the layers themselves [19–25].
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Numerous observational studies have demonstrated that ground motions have a large site-to-site variability for a
single earthquake, as well as a large earthquake variability for a single site, depending on the location of the site itself
with respect to the seismic source. This variability is mainly due to local site conditions, source mechanisms and fault
rupture modalities. More specifically, local site conditions depend principally on the thickness and characteristics of
the soil layers, depth of bedrock and water table, all contributing to altering the features of the seismic waves in such
a way that amplitude and frequency content of the seismic motion on the free soil surface differ dramatically from
those pertinent to the surface of the outcropping bedrock [26,27]. On the other hand, the source mechanism and fault
rupture modalities are mainly related to the fault orientation and type, and to the directivity effects associated to the
rupture propagation and radiation pattern [21,28].
The irregularity and changeability in earthquake ground motions have long been recognized, and they should be
taken into account appropriately, though at the level of detail required each time by the accuracy of the analysis.
However, owing to the great number of strong motion records gathered throughout the last decades in the most widely
varying soil-site conditions, it became feasible to account for soil-site effects in the characterization of elastic and
inelastic displacement demands over significantly large sets of ground motions.
Aim of this paper is to present the results of an investigation on the significance, in evaluating the structural
behaviour under seismic action, of the ratio of the maximum inelastic displacement to the corresponding maximum
elastic demand, derived through nonlinear time-history analyses on both single-degree-of-freedom (SDOF) and
multiple-degree-of-freedom (MDOF) systems. In particular, specific goals of the study are:
– to enlarge the current knowledge on the ratio of the maximum inelastic to the maximum elastic displacement on
the basis of a broad ensemble of strong motion records;
– to extend the characterization of the inelastic displacement demand to MDOF systems;
– to quantify the influence of earthquake magnitudes, source-to-site distances and local soil-site conditions;
– to evaluate the way the ductility and the hysteretic behaviour affect the inelastic displacement demand;
– to measure the influence of the period of vibration and identify main trends of the relevant spectra;
– to establish simplified expressions for the ratio of the maximum inelastic to the maximum elastic displacement
to be used in the evaluation of inelastic displacements for new or rehabilitated structures for which the global
displacement ductility can be estimated.
2. Structural response measures: Inelastic displacement and drift ratios
The presumption that controlling displacements constitutes a decisive issue in the assessment of the system
performance has led to design approaches that use displacements rather than forces as the starting point for seismic
evaluation of structures. Indeed, many benefits are afforded by performance-based approaches over more conventional
force-based approaches, owing to the more direct focus on the inelastic displacement response of the structure the
former are capable to ensure, unlike the latter. Therefore, taking displacement demands into account explicitly is a
matter of great consequence for the adjustment of effective seismic evaluation criteria. To this purpose, resorting to
the definition of appropriate quantities, namely, inelastic displacement and drift ratios, has proved to be particularly
useful in the assessment of the structural performance since such quantities allow to obtain realistic estimates of the
maximum inelastic displacements, provided that the maximum elastic ones are known in advance. In the following
the definition of inelastic displacement and drift ratios will be recalled, in both cases of SDOF and MDOF systems.
The elastic displacement demand, δelastic, for an SDOF system of mass m, natural period T and yield strength
Fy,elastic, can be defined as the minimum yield displacement the system is allowed to endure so that its behaviour
remains elastic during a given ground motion. In terms of the ordinate of the acceleration spectra, Sa , it can be written
as
δelastic = SaT
2
4pi2
= Fy,elasticT
2
4mpi2
. (1)
On the other hand, the inelastic displacement demand, δinelastic, is defined as the maximum displacement of an
inelastic SDOF system whose displacement ductility demand is equal to µ. Considering that the displacement (or
kinematic) ductility demand, µ, can be defined as the ratio of the maximum inelastic displacement to the displacement
F. Mollaioli, S. Bruno / Computers and Mathematics with Applications 55 (2008) 184–207 187
at yielding, the inelastic displacement demand can be expressed as a function of the inelastic strength demand,
Fy,inelastic, and the displacement ductility demand, µ, i.e.,
δinelastic = µ Fy,inelasticT
2
4mpi2
. (2)
That having been said, the inelastic displacement ratio for an SDOF system is defined as the maximum lateral
inelastic displacement demand, δinelastic, evaluated for an oscillator of mass m and natural period T , divided by the
maximum lateral elastic displacement demand, δelastic, evaluated for an oscillator of the same mass, m, and initial
stiffness (i.e., same period of vibration, T ), when subjected to the same earthquake ground motion, i.e.,
Rδ = δinelastic
δelastic
. (3)
Consequently, if this ratio is quantified, it is possible to derive an estimation of the maximum inelastic displacement
directly from the maximum elastic displacement as follows,
δinelastic = Rδδelastic. (4)
For seismic evaluation purposes, it is beneficial to dispose of the inelastic displacement ratios corresponding to the
different values of the displacement ductility ratios, µ = µ∗, in accordance to different possible levels of the inelastic
deformation capacity of a structure. Maximum displacement demands, δinelastic, corresponding to specified values µ∗,
of the displacement ductility ratio are hence computed in this study by iteration on the lateral strength of the system,
until the displacement ductility demand is equal to the specified value, µ∗. Eq. (3) can thus be rewritten as
Rδ = δinelastic
δelastic
= δ(µ = µ
∗)
δ(µ = 1) (5)
where δ(µ = µ∗) is the ordinate of the inelastic constant ductility displacement spectrum and δ(µ = 1) is the ordinate
of the corresponding elastic spectrum.
It is worth considering that, with reference to the inelastic responses evaluated for the assigned kinematic ductility
ratios, the maximum displacements are not independent of the corresponding demand in terms of strength. Actually,
introducing in Eq. (2), rewritten for Fy,inelastic = Fy(µ = µ∗), the definition of seismic coefficient (or strength
coefficient) for a specified ductility level µ∗, Cy(µ = µ∗), as the value of the inelastic strength demand normalized
by the weight of the SDOF system,
Cy(µ = µ∗) = Fy(µ = µ
∗)
mg
(6)
it is possible to obtain
δinelastic = µ∗δy = µ∗ Fy(µ = µ
∗)
kelastic
= µ∗Cy(µ = µ
∗)
kelastic
mg (7)
where kelastic = 4mpi2T 2 is the elastic stiffness.
Recalling that, in terms of the seismic coefficient, Cy , a ductility dependent strength reduction factor can be
expressed as
Rµ = Cy(µ = 1)Cy(µ = µ∗) (8)
where Cy(µ = 1) is the minimum value of the seismic coefficient (i.e., the yielding strength for unit weight of the
structure) required to prevent yielding, and Cy(µ = µ∗) is the minimum value of the seismic coefficient necessary to
control the displacement ductility demand µ to a prescribed target ductility ratio µ∗ [29,30], the relation between the
inelastic displacement ratio, Rδ , and Rµ, can be written as
Rδ = µRµ . (9)
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As far as MDOF systems are concerned, drift measures are referred to in the present study as realistic indicators
of the structural response. It is well known that drift measures are well correlated with seismic damage in real multi-
storey frame structures and, as a matter of fact, drift controlling implies that both structural and nonstructural damage
are effectively controlled.
Two specific drift measures are herein considered for the purpose of quantifying the lateral displacement demand
for MDOF systems, namely the peak inter-storey drift ratio (or index), IDImax, and the peak top drift ratio, or average
drift index, IDIavg. The former index is defined, for frame structures with n storeys and a given time history, as the
maximum (over time) difference between the lateral displacement of two adjacent floors (i.e., the maximum drift),
divided by the height of the storey. If δi is the maximum drift attained over the time history at the i th storey of height
hi , the peak inter-storey drift ratio can be written as
IDImax = max
{
δi
hi
}
, i = 1, . . . , n. (10)
The latter index is defined, for a given time history, as the ratio of the peak lateral, relative to the ground,
displacement of the top storey, δtop, to the frame height, H , i.e.,
IDIavg = δtopH . (11)
The definition of inelastic displacement ratio for a specified ductility level µ∗, can be therefore readily extended to
MDOF systems, as follows:
RIDImax =
IDImax(µ = µ∗)
IDImax(µ = 1) (12)
RIDIavg =
IDIavg(µ = µ∗)
IDIavg(µ = 1) =
δtop(µ = µ∗)
δtop(µ = 1) (13)
with notation of self-evident meaning.
Inelastic displacement ratios are computed here for SDOF and MDOF systems subjected to four different levels of
inelastic deformation corresponding to the following ductility ratios µ: 2, 4, 6. For each earthquake record and each
target displacement ductility ratio, the inelastic displacement and drift ratios are computed for periods of vibration
between 0.0 and 3.0 s.
3. Ground motion selection
Assessment of displacement demands requires the availability of a set of acceleration time histories apt to properly
describe and account for intensity, frequency content, and duration–all factors that affect the elastic and inelastic
response of structural systems significantly.
As anticipated, it has long been recognized that the main characteristics of ground motion such as amplitude,
frequency content, and duration are strongly influenced by the extreme variability in the properties of different soil
and rock layers, the heterogeneity in the radiation path, the irregularity in source directivity phenomena, and radiation
patterns. The structural response, and hence the elastic and inelastic displacement spectra, are significantly affected
by both site conditions and source characteristics, in measure varying and depending on their relative importance. The
complex of such rather unpredictable aspects, among whom certain degree of coupling may plausibly subsist, prevent
a comprehensive analysis of earthquake characteristics on the ground surface, except through an empirical approach.
The large quantity of ground motion records obtained in recent earthquakes have provided an opportunity to assess
and improve empirically based predictions of the seismic response at a site. Relying on such increased availability
of data, a total of 868 records, containing two mutually perpendicular horizontal acceleration time histories from 43
significant worldwide earthquakes (see Appendix) were used for the analysis. These ground motions were recorded
either at the free field or the ground level of structures no more than two storeys in height.
A basic assumption in the characterization of the elastic and inelastic displacement demand consists in accepting
that strong ground motions at a site are primarily dependent on magnitude, soil-to-site distance, and soil conditions.
In particular, subsoil characteristics can considerably influence amplitude, frequency content, and duration of ground
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Table 1
Classification of subsoil conditions [31]
Soil type Description of stratigraphic profile Vs,30 (ms
−1)
A Rock or other rock-like geological formation, including at most 5 m of weaker material at the surface. >800
B Deposits of very dense sand, gravel, or very stiff clay, at least several tens of metres in thickness,
characterised by a gradual increase of mechanical properties with depth.
360–800
C Deep deposits of dense or medium-dense sand, gravel or stiff clay with thickness from several tens to many
hundreds of metres.
180–360
D Deposits of loose-to-medium cohesionless soil (with or without some soft cohesive layers), or of
predominantly soft-to-firm cohesive soil.
<180
Fig. 1. Magnitude, Mw , versus the shortest projection to the surface of the distance to the causative fault, D f .
motions since seismic waves undergo substantial modifications as they travel through soils from the underlying rock
formations. To the purpose of accounting for such influences, the selected records are classified into discrete magnitude
and source-to-site distance intervals. More specifically, two intervals of moment magnitude, Mw, i.e., 5.4 ≤ Mw ≤ 6.2
and 6.5 ≤ Mw ≤ 7.0, and four intervals of source-to-site distance (herein, the closest distance from the surface
projection of the fault rupture), D f , i.e., 0 km ≤ D f ≤ 5 km, 5 km < D f ≤ 12 km, 12 km < D f ≤ 30 km, 30 km <
D f ≤ 90 km, are considered. To take local site conditions at the recording stations into account, the earthquake
ground motions are subdivided into four groups, according to the stratigraphic profile and the average shear wave
velocity in the upper thirty metres, Vs,30. Such subdivision in four soil types, namely A, B, C, and D, corresponds to
the classification specified by Eurocode 8 [31]. The relevant different stratigraphic profiles are described in Table 1,
where they appear ranked by decreasing stiffness from soil type A to soil type D.
In Fig. 1, the distribution of the records according to magnitude, Mw, and the closest distance from the surface
projection of the fault rupture, D f , is shown. It is possible to note that the records correspond to very different ground
motions, so as to investigate more in depth the influence of their characteristics on the structural response.
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4. Method of analysis
The data set of strong ground motions examined previously is used to perform linear and nonlinear dynamic
analyses on both SDOF and MDOF systems. Such analyses are focused on the definition of the displacement demand
of structural systems, which exhibit regular elastic dynamic behaviour. In order to get insight into the fundamental
patterns of the inelastic dynamic behaviour, straightforward analytical models are adopted in the present research.
4.1. SDOF systems
Linear and nonlinear dynamic time-history analyses have been carried out on SDOF systems using an in-house
code of calculus, appositely implemented to perform nonlinear dynamic analysis [32].
At any instant of time, t , the response of a viscously damped, piecewise linear hysteretic SDOF system subjected
to an imposed ground motion acceleration, u¨g(t), is governed by the following equation,
u¨(t)+ 2ξωu˙(t)+ F[u(t)]
m
= −u¨g(t) (14)
where u(t) is the SDOF system relative displacement, m is the mass of the system, ω = 2piT its natural frequency, ξ the
ratio of the damping of the system to the critical value, and F[u(t)] the restoring force. The displacement responses of
inelastic SDOF systems of assigned ductility and the corresponding linear, respectively uinelastic(t) and uelastic(t), are
determined by numerical solution of Eq. (14). The linear acceleration method is utilized in the present study for the
numerical integration of the nonlinear equation of motion. More specifically, according to this method, the response
acceleration is assumed to vary linearly within each sequential interval of time, 1t , while the property of the system
are based on the conditions existing at the beginning of each time increment, and then assumed to remain constant
during the corresponding 1t .
The displacement responses of an inelastic SDOF system of assigned ductility µ = µ∗, and the corresponding
linear one are determined by the numerical solution of Eq. (14). As far as the elastic demand assessment is concerned,
displacement response spectra are constructed by first collecting for each response history the maximum values of
displacement, i.e., δ(µ = 1) = max[uelastic(t)], and then displaying them as a function of the natural period of the
oscillator. Inelastic displacement demands are instead computed for a stiffness degrading hysteretic behaviour and
specified target ductility ratios µ = µ∗, as δ(µ = µ∗) = max[uinelastic(t)]. A system damping, ξ , of 5% of critical is
considered throughout the analysis.
Constant ductility spectra. Constant ductility spectra are computed by carrying out an iteration procedure on the
yield level to identify the strength required to obtain a ductility response equal to a specified ductility value, for each
oscillator. Different oscillator strengths may ensue for the same ductility demand. In selecting the unique value of the
strength associated to an oscillator of assigned characteristics, it should be ensured that ductility demands greater than
the target ductility do not develop. Therefore, among the multiplicity of the strengths resulting from the analysis, it
necessary to choose the one with the largest value.
The solution strategies adopted to that end originate from considering that the determination of structural responses
with assigned ductility necessarily passes through the interpolation of the outputs of analyses performed at constant
strength values. In particular, the level of the yielding strength Ry for structures modelled as SDOF systems is
generally represented in normalized form, through the use of a structure coefficient, defined as η = Fymu¨g,max , operating
the normalization with the maximum dynamic force equivalent to the ground motion, or alternatively with the
previously defined seismic coefficient, Cy , in which the weight of the oscillator is employed to this purpose.
The most straightforward and reliable methodologies for obtaining constant ductility spectra of specified quantities
are based on limiting the interpolation to the seismic coefficient Cy only, using the so-determined strength values for
the subsequent steps of the analysis. This on the one hand allows the avoidance of performing a great number of linear
interpolations on quantities which may sensibly vary even over small strength intervals; on the other hand it simply
requires us to verify that the displacement ductility ratio, µ, has effectively taken the prescribed value assigned at the
beginning of the analysis.
In order to extract the values of the seismic coefficient for the construction of constant ductility spectra, it is
necessary to consider the n intersections of the Cy–µ curves, each described in planes corresponding to the constant
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Fig. 2. Construction of constant ductility spectra.
values of the fundamental period, T , with lines µ = µ∗. Since in general the values of the ductility do not decrease
monotonically as the values of the seismic coefficient increase, given two systems with the same stiffness but different
strength, the response corresponding to the higher ductility is not necessarily provided by the system with the lower
yielding threshold. The non-monotonic development of the Cy–µ curves originates in the variation of the actual
natural period of oscillation induced in structural systems by the inelastic response, which alters the curves themselves
in correspondence of certain particular values of the actual period. As a consequence, processing curves with several
relative maxima requires choosing the maximum among the various values of Cy which bring the response of the
structural system to the same assigned ductility value. Fig. 2 illustrates the procedure.
In the present investigation, four different values of the target displacement ductility, µ = µ∗, are taken into
account, namely the unity, corresponding to an elastic behaviour, and the values 2, 4 and 6, corresponding to the
increasing capacity of inelastic excursions.
Hysteretic model. Recent studies have led to the definition of more and more accurate constitutive models, apt to
reproduce in a dependable manner all the relevant phenomena affecting the hysteretic behaviour of structures, and to
account for some other consequences of strength and stiffness degrading on the shape of the hysteresis cycles, and
therefore on the energy dissipation aptitude.
In the present research, a degrading model characterized by stiffness degradation, strength deterioration and
pinching, and obtained as a modification of the model proposed by Kunnath et al. [33] has been adopted. The
one-dimensional constitutive law is of a hysteretic type with linear hardening (Fig. 3), and is governed by four
control parameters, namely p, α, β, γ , which set up the modalities of the inelastic loading reversals. In particular,
the parameter p, which represents the strain hardening ratio, controls the post-yielding stiffness; α is related to the
unloading stiffness; β controls the strength degradation; γ controls the pinching effect due to closing cracks during
the reloading phase.
The set of cyclic rules of the four parameter degrading model whose overall behaviour is represented in Fig. 3, can
be expressed through the identification of the following branches in the strength–displacement plane:
Type I branch: starting elastic, with stiffness k0 = kelastic;
Type II branch: elastoplastic, along one of the two limit lines, corresponding to positive or negative values of the
displacement respectively, both with hardening ratio p = 0.1;
Type III branch: elastic, following the load reversal occurring along one of the two limit lines as the maximum
(positive or negative) value of the displacement, u±max, is attained. The stiffness lowers to the value k±r , since the
branch is oriented from the point corresponding to the load reversal towards a point with coordinates (∓αu y ,
∓αFy), located on the line through the origin of axes with slope k0, in the opposite half-plane (Fig. 3). The value
α = 2, corresponding to a degradation of medium extent, is adopted throughout the analysis. A nondegrading
stiffness behaviour would be attained for a value of α tending to infinitum.
Type IV branch: elastoplastic reloading, following the sign inversion of the reaction, F . Let A be the starting point
of the reloading branch (Fig. 3(c), (d)) and C that corresponding to the maximum displacement attained along the
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Fig. 3. Four parameters degrading model: (a) Version with strength degrading and pinching effect; (b) Common point rule for controlling the
stiffness degradation along the unloading paths; (c) Strength degradation in presence of pinching effect; (d) Strength degradation in absence of
pinching effect.
reloading itself, u±max. Let us then consider the first point C′ with the same abscissa as C, u±max, and ordinate
FC′ = FC
[
1− β EH (A)− EH (C)
Fyu y
]
≥ 0.8FC′′ (15)
where EH (A) and EH (C) represent respectively the energy dissipated by hysteresis up to instants tC e tA (tC < tA),
next point C′′ belonging to the limit line and corresponding to the displacement u±max, and finally point C′′′,
determined as the intersection of the line through points A and C′ with the limit line. Let now consider two cases: (i)
if uAu±max < 0 point B, intersection of the line through points A and C′ with the line through the origin with slope
k0, and point B′ located along the latter, with coordinates uB′ = γ uB, FB′ = γ FB must be identified (Fig. 3(c)).
The reloading path will then be directed from point A to point B′ (branch type IV-a), next from point B′ to point
C′′′ (branch type IV-b); (ii) if uAu±max ≥ 0, the reloading path will simply develop along the segment A C′′′.
While the parameter β controls the level of the strength degradation, 1F = FC − FC′ , though with the restriction
1F ≤ 0.2FC′′ , the parameter γ makes the pinching effect more or less significant. For β = 0 no strength degrading
occurs; no pinching effect occurs for γ = 1 (Fig. 3(d)), whereas such an effect would be enhanced to the maximum
for per γ = 0, which corresponds to zero slope for branch IV-a. In the numerical analysis the values β = 0.1 and
γ = 0.5 have been chosen, on the basis of a comparison with the experimental diagrams.
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Table 2
Characteristic of the selected hysteretic models
EPP Elastic–perfectly plastic
DGR1 Reloading stiffness degradation
DGR2 Reloading stiffness degradation, with strain hardening ratio p = 0.1
DGR3 Reloading and unloading stiffness degradation, with strain hardening ratio p = 0.1
DGR4 Reloading and unloading stiffness degradation, with pinching effect and strain hardening ratio p = 0.1
DGR5 Reloading and unloading stiffness and strength degradation, with strain hardening ratio p = 0.1
Type V branch: elastic, following load reversal from a reloading branch. If the displacement along the latter does
not exceed the maximum value previously attained in the considered direction of the loading path, the elastic
recovery will be characterized by the degraded stiffness k±r already defined; otherwise, the stiffness will be still
further reduced according to the common point rule.
It is worth recalling that the degrading model developed by Kunnath et al. [33] is strictly connected with the Park
and Ang damage function [34], expressed as
DPA = umaxuu,mon + βPA ·
EH
Fy · uu,mon (16)
where umax is the maximum displacement attained in the course of the loading history; uu,mon is the ultimate
displacement attained under a monotonic loading; Fy is the yield strength; EH is the energy dissipated through
inelastic deformation. In this study, the quantity uu,mon is substituted with the yielding displacement, u y . Such an
adjustment was suggested by the disadvantageousness of also establishing the ultimate displacement, or the ultimate
kinematic ductility ratio of oscillators for which spectra at various constant ductility assigned values are intended to
be constructed. It must be therefore considered that conceptual analogy but not numerical identity exists between the
parameter β used throughout the analysis and the parameter βPA in Eq. (16).
As it can be seen, Eq. (16), the Park and Ang function [34] correlates damage not only with the maximum
deformation, virtually taken into account already in the models by Clough and Takeda [35,36], but also with the
energy dissipated by hysteresis, which may more or less assume relevance depending on the value assigned to the
parameter βPA. In the representation of the model proposed by Kunnath et al. [33] in the strength–displacement plane,
consistent with such behaviour is the lower position of the point the reloading branch is directed to.
Many factors affect the force–deformation behaviour of structures. For instance, the level of reinforcement and
detailing may influence the response of reinforced concrete structures. To incorporate such influences into the model
of the expected response, it is necessary to take more than one type of degrading behaviour into account. Thus, on
the basis of the aforementioned consideration, six hysteretic models are referred to in the present study, namely the
elastic–perfectly plastic model, denoted as EPP, introduced as a term of comparison, and five degrading models whose
characteristics are delineated in Table 2, and denoted as DGR1-5. It is worth noting that, unless of secondary effects
on more internal cycles, the DGR1 and DGR2 models are equivalent to the Clough model [35] without and with strain
hardening, respectively, while the DGR3 model corresponds to the Takeda model [36].
In the present study, only results relevant to the DGR3model are presented for SDOF systems. Further comparisons
were already presented in [12].
4.2. MDOF systems
In order to increase our understanding of the inelastic dynamic response of MDOF systems, and to develop
straightforward methodologies apt to quantify the displacement demands imposed to real structures by earthquakes,
it was decided to resort to simple analytical models in the spectral representation of the response of MDOF systems
to input ground motions.
An equivalent discrete shear-type model, which allows us to describe the structural system by the stiffness and mass
properties of each storey, has been utilized in this study for the evaluation of both linear and nonlinear behaviours
of multi-storey frame structures. In Fig. 4(a) the shear deformation of a n-storey frame is represented. For the i th
storey, the quantities (EIb)i and (EIc)i represent respectively the flexural stiffness of transverse and vertical elements
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Fig. 4. Shear-type model for n-storey frame structures.
(i.e., beams and columns). The lumped MDOF system is illustrated in Fig. 4(b), where mi , ki and ci are the i th storey
mass, stiffness, and damping, respectively, while ui is i th storey lateral displacement relative to the ground.
Resorting to a shear-type model allows us to simplify the numerical solution of the equations of motion remarkably,
since the assumption of a shear deformation in the description of the lateral deflection of the frame structure implies
that the translational degrees of freedom only need to be handled by the integration procedure. In spite of the reduced
complexity of the model, dependable approximations of the solution can be obtained as soon as an equivalent lateral
shear stiffness is specified [32,37]. In fact, although the rotational degrees of freedom are not explicitly incorporated
into the dynamic analysis of the structure, the flexural deformation of members is described through the shear drifts
of the storeys of the equivalent system. However, it should be considered that the influence of the global flexural
deformation, entailing the development of axial deformation in the external columns, may turn out to be quantitatively
significant in tall frames, i.e., in structures with a large ratio of height to horizontal length, particularly in the presence
of stiff transverses. In such instances, more complex models including both global shear and flexural deflections,
should be referred to.
The irrelevance of the rotational inertial contributions to the seismic response of the multi-storey frame structures
object of this study allows to perform a static condensation of the degrees of freedom of the corresponding elastic
MDOF system. Once the condensation has been performed, the relevant equation of motion assumes the form:
Mˆu¨(t)+ Cˆu˙(t)+ Kˆu(t) = −Mˆ1u¨g(t) (17)
where Mˆ, Cˆ and Kˆ are respectively the translational mass matrix, the damping matrix and the elastic condensed
stiffness matrix, 1 is a unity vector, u(t) is the vector of the storeys lateral displacements and u¨g(t) is the ground
acceleration.
Realistic damping effects in all the significant modes of vibration are obtained with reduced computational effort
by defining the damping matrix, Cˆ, through a linear combination of the matrices Mˆ and Kˆ, according to Rayleigh’s
formulation. Consequently, Cˆ assumes a tri-diagonal form. In particular, Rayleigh damping has been used to obtain a
5% of critical damping in the first and in the third mode.
Successively an equivalent shear stiffness matrix, KS, defined as the tri-diagonal stiffness matrix that produces the
same lateral displacements as those allowed by the stiffness properties of the structure under the action of a specified
lateral distribution of static forces, is defined. The definition ofKS is therefore conditioned by the choice of the lateral
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force pattern; however, minor differences in the terms of the matrix occur as such a choice is made among reasonable
distributions. In the present study, an inverted-triangular static force pattern has been assumed.
Further approximations are introduced in order to evaluate the nonlinear behaviour of frame structures subjected to
earthquake ground motions, and to describe the hysteretic behaviour of the relevant MDOF systems straightforwardly.
More specifically, an approximate storey yielding strength is defined, at the cost of disregarding information on local
inelastic deformation and hysteretic dissipation.
The methodology described above allows one to evaluate directly the inter-storey drift ratio (or index), IDI, defined
as the inter-storey drift normalized by the storey height, and representing one of the most significant local displacement
response parameter. However, such a response parameter, though providing valuable information about the damage
level at the end portions of the columns of each storey, is only capable of indirect and approximate description of the
inelastic behaviour of the joints and beams. As a matter of fact, loss of local information constitutes the main drawback
of the suggested procedure. On the other hand, the substantial simplification in the model allows one to perform broad
parametric analyses on the inelastic seismic response of different multi-storey frame structures and to obtain a spectral
representation of the most significant seismic demand parameters, since while some data are needed to describe the
mechanical properties of the systems, the explicit consideration of the constructive details is not directly required.
In this research, in order to capture the influence of a few significant structural parameters on the seismic
response of a wide range of current structural typologies, ten multi-storey structural systems, modelled by using
two-dimensional, two-bay generic frames with different numbers of storeys (N = 2, 4, 6, 8, 10, 12, 14, 16, 20, 24),
constant storey height (h = 3.2 m) and beam span (w = 5.0 m) are studied.
For each frame a realistic, approximately parabolic stiffness distribution, with full constraint for the joints at the
base of the columns (stiff soil-foundation structures) is assumed.
The base shear capacity of the MDOF systems is derived from linear and nonlinear analyses performed on SDOF
systems with periods equal to the fundamental periods of each frame, for defined values of target ductility (µ = 1, 2, 4
and 6). Once the seismic coefficient Cy that leads the SDOF system to reach the target ductility value is calculated,
the yielding shear at the base of the structure, Vby , can be estimated as
Vby = M f Cyg (18)
where the total mass of the frame, M f , is assumed as a global effective mass, attributed to the first mode of vibration.
Tuning the base shear capacity of the MDOF system to the inelastic strength demand of the corresponding SDOF
system allows one to perform a direct comparison of the results relevant to the SDOF and MDOF systems. It could
also be possible to consider the real effective masses of some higher modes of vibration, and then to combine the
modal values of Cy ; however, preliminary analyses have demonstrated that no improvement would be obtained in
terms of accuracy in reaching the assigned target ductility.
The yielding strengths of the storeys were evaluated subjecting the MDOF systems to an inverted-triangular
distribution of equivalent seismic forces, with an additional concentrated force acting at the top of the structures
with fundamental periods exceeding 0.7 s. The same stiffness degrading hysteresis models as those introduced to
characterize the inelastic behaviour of the SDOF systems, Table 2, are assumed to describe the cyclic behaviour of
the frames at each storey.
5. Influence of soil on the displacement demand
As already underlined, source rupture process and local site conditions can significantly affect amplitude, duration,
and frequency content of recorded ground motions at the surface.
In order to highlight such an influence on the displacement demand, the case of a pair of stations of the Gilroy
array, which have recorded three different earthquakes, has been first examined. The Gilroy array is an alignment of
six strong motion stations that extends across an alluvial valley in northern California. Only the earthquake records
from Gilroy #1 and Gilroy #2 are referred to in the present context, since they constitute the closest rock and stiff-soil
pair, being placed at 2 km of distance between each other. Gilroy #2 is underlain by stiff soil to a depth of 168 m
where the bedrock, constituted by a deeply weathered siltstone, is located [38]. The upper 46 m of the deposit is
characterized by the presence of loams, sands, and clays of Holocene and Pleistocene age. The average shear-wave
velocities in the top 30 m and in the entire soil profile at Gilroy #2 are 302 ms−1 and 578 ms−1, respectively. Gilroy
#1 is underlain by moderately weathered sandstone at the surface. The average shear-wave velocity in the top 20 m is
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Table 3
Synthetic parameters of Gilroy #1 and #2
Earthquake Gilroy#1 N0 Gilroy #1 N90 Gilroy #2 N0 Gilroy #2 N90
Loma Prieta, 1989 D f (km) 11 12
δ (cm) 16.9 13.0 16.3 32.9
Morgan Hill, 1984 D f (km) 16 15
δ (cm) 1.3 1.8 3.8 5.7
Coyote Lake, 1979 D f (km) 9 7.5
δ (cm) 0.3 0.3 5.1 11.5
Fig. 5. Local site effect on Gilroy #1 and #2: elastic displacement spectra, ξ = 5%.
1230 ms−1. According to Eurocode, 8 [31] site classification (Table 1), Gilroy #1 and Gilroy #2 can be classified as
recorded on soils A and C, respectively.
The Gilroy array has recorded, beyond others, the ground motion of three severe earthquakes, namely Loma Prieta,
1989 (Mw = 6.9), Morgan Hill, 1984 (Mw = 6.2), Coyote Lake, 1979 (Mw = 5.7).
In Table 3 the maximum elastic spectral displacements, δ, derived from the pairs of ground motions recorded by
the Gilroy arrays, each characterized by various distances to the causative fault, D f , during the three considered
earthquakes, are reported. In general, it is possible to detect a significant amplification of the displacement demand in
the N90 components of the motion of Gilroy #2 with respect to Gilroy #1.
This local site effect can be better appreciated in Fig. 5, where the elastic displacement spectra for the N90 Gilroy
components are shown. As it is possible to observe, the amplification of the motion recorded on soil C (Gilroy #2) is
significantly larger than that recorded on soil A (Gilroy #1). Even though not all the amplification can be attributed to
the underlying soil conditions, as site effects can be also due to the evolution of the rupture process at the seismogenic
source, particularly in near-field settings, it is unquestionable that the differences between the subsoil mechanical
properties detected in the underlying soil layers of the considered pair of stations exert a considerable influence on the
displacement demand.
Fig. 6(a) illustrates mean elastic displacement spectra evaluated taking all records relevant to the magnitude interval
6.5 ≤ Mw ≤ 7.0 into account. It appears that, as far as the SDOF systems are concerned, the maximum value of the
elastic displacement increases as the fundamental period increases; moreover, the displacement demand increases
monotonically as less stiff soils are considered. A similar trend is exhibited by the MDOF systems, for which the
spectra of the roof displacement, δtop, are represented for the four soil conditions considered (Fig. 6(b)). Such a
resemblance originates from the fact that the response in terms of the maximum displacement evaluated at the top
floor is mainly dominated by the first mode of vibration. Both Fig. 6(a), (b) refer to the mean of spectra evaluated
for earthquakes with magnitudes included in the interval between 6.5 and 7.0; analogous results are obtained for the
lower magnitudes, i.e. 5.4 ≤ Mw ≤ 6.2.
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Fig. 6. Local site effect on elastic displacement and drift demands: mean spectra, ξ = 5%, 6.5 ≤ Mw ≤ 7.0.
Fig. 6(c), (d) show mean spectra of the maximum and average inter-storey drift index respectively, in the range
of magnitude between 6.5 and 7.1. In both cases, the drift demand increases with the soil stiffness; moreover, a
monotonic increment is observed in the range of periods less than 1.0÷ 1.3 s, with the only marked exception of the
average inter-storey drift spectrum relevant to rock-like soils. The response in terms of maximum inter-storey drift
tends to remain constant in the range of periods from medium to high, while the average inter-storey demand appear
to decrease in the same period range. The non-monotonic trend observed in IDIavg, Fig. 6(d), in comparison with
δtop spectra, Fig. 6(b), can be explained in the light of the fact that the average inter-storey drift is obtained from the
top displacement by division of this latter by a quantity (i.e., the height of the whole frame) which increases as the
fundamental period increases, other stiffness characteristics being equal.
6. Statistical analysis on displacement and drift ratios
In this section, the results of statistical studies on the seismic demands of SDOF and MDOF systems, expressed in
terms of displacement and drift ratios, are presented. The influence of both structural factors (i.e., distinctive of the
oscillating systems such as stiffness, hysteretic behaviour, level of the inelastic response) and nonstructural aspects
(i.e., determined by the environmental setting, such as magnitude, source-to-site distance, and soil conditions) are
evaluated. Constant ductility mean spectra of displacement and drift ratios are evaluated for each constitutive law,
type of soil, interval of magnitude and source-to-site distance defined in the previous sections.
6.1. Influence of the hysteretic model
A comprehensive investigation aimed at the evaluation of the influence of the hysteretic model on the inelastic
displacement ratio for the SDOF systems has been previously performed by Decanini et al. [12]. In that research, it
was highlighted that such an influence is in general negligible, with the exception of nondegrading constitutive laws
such as the EPP model.
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Fig. 7. Influence of the hysteretic model: mean RIDImax spectra, ξ = 5%, µ = 4 (a), µ = 6 (b).
Fig. 8. Influence of the hysteretic model: coefficient of variation of RIDImax spectra, µ = 4 (a), µ = 6 (b).
In order to assess the influence of the constitutive model on the structural response of the MDOF systems, a set
of 36 strong ground motion signals have appositely been selected to account for a multiplicity of seismic intensities,
soil-site conditions, and source-to-site distance intervals.
In Fig. 7(a), (b) the influence of the constitutive model on the maximum inter-storey drift ratio, RIDImax , is illustrated
for µ = 4 and µ = 6 respectively, and for a damping ratio ξ = 5%. For all structural systems, it appears that both the
EPP and the DGR1 models, i.e., the less degrading ones among those considered in the present study (Table 2), allow
higher values of the inter-storey drift ratio. As a matter of fact, elastoplastic and scarcely degrading systems, such
as DGR1, possess greater chances of drifting, and hence require more drift capacity than the degrading ones to limit
deformation to the prescribed level of ductility. On the other hand, variations in the characteristics of the remaining,
more strongly degrading models do not appear to exert significant influences on RIDImax . Therefore, in what follows
observations on the structural response of both the SDOF and MDOF systems are limited to the case of a single
hysteretic model, chosen as a representative of real degrading structural systems, namely the DGR3 constitutive law
(Table 2).
Dispersion on the inelastic displacement and drift ratios was quantified by computing the coefficient of variation,
COV, for each hysteretic model. Fig. 8(a), (b) illustrate curves relevant to the coefficient of variation of the maximum
inter-storey drift ratio, respectively for µ = 4 and µ = 6, with ξ = 5%. It is worth reporting that, while similar values
of the coefficient of variation pertain to mean spectra evaluated with reference to the most degrading models, such
values are considerably less than those evaluated with reference to the elastoplastic and DGR1 models (Table 2).
6.2. Influence of magnitude
The influence of magnitude on constant ductility inelastic displacement ratios is assessed by computing mean
spectra, for each soil-site condition and the two intervals of magnitude specified previously. Figs. 9 and 10 show mean
displacement spectra relevant to SDOF systems, along with the average inter-storey drift ratio and the maximum inter-
storey drift ratio, for 5.4 ≤ Mw ≤ 6.2 and 6.5 ≤ Mw ≤ 7.0, respectively for ductility ratios equal to 4 and 6. For the
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Fig. 9. Influence of Mw : mean Rδ , RIDIavg , RIDImax spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, µ = 4, soils B (a), C (b).
Fig. 10. Influence of Mw : mean Rδ , RIDIavg , RIDImax spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, µ = 6, soils B (a), C (b).
sake of brevity, comments are herein limited to results obtained for intermediate soils, namely type B, left side plots,
and C, right side.
In both the cases of soils B and C, it can be noted that in the short-period range the amplification of the inelastic
displacement demand is somewhat larger for the higher magnitude interval, 6.5 ≤ Mw ≤ 7.0, showing an increase
of inelastic displacement demand with increasing magnitude. However, this increase is not very relevant and it can
also be observed that the global mean, not reported in the graphs, constitutes an adequate approximation of both the
magnitude ranges. The same conclusion applies for the other soil classes, proving that the effect of magnitude seems
to be insignificant.
6.3. Influence of the distance to the causative fault
The influence of source-to-site distance is analysed here by evaluating the mean spectra of displacement and drift
ratios for strong ground motions recorded within the four intervals of D f indicated above. Figs. 11 and 12 show mean
Rδ spectra obtained for an elastoplastic response on intermediate soils B and C, with ξ = 5%, 6.5 ≤ Mw ≤ 7.0,
being µ = 4 and µ = 6, respectively. Figs. 13 and 14 refer to RIDIavg , while Figs. 15 and 16 show RIDImax spectra,
for the same soils, interval of magnitude and ductility ratios as for the case of the SDOF systems. With reference
to spectra evaluated on soil B, in all cases it emerges that the influence of the distance to the causative fault is not
particularly significant. None of the curves seems to exhibit a well-defined trend; as a consequence, they all could be
reasonably approximated by mean spectra corresponding to the whole number of strong ground motions recorded on
soil B (i.e., curves evaluated for 0 ≤ D f ≤ 90). Spectra evaluated subjecting the SDOF and MDOF systems on less
stiff soils to signals recorded in near-fault conditions appear to diverge from those obtained for far-field conditions
slightly, at least in the medium-period spectral region.
Similar conclusions can be drawn for soils A and D.
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Fig. 11. Influence of D f : mean Rδ spectra, ξ = 5%, DGR3, µ = 4, soil B (a), soil C (b).
Fig. 12. Influence of D f : mean Rδ spectra, ξ = 5%, DGR3, µ = 6, soil B (a), soil C (b).
Fig. 13. Influence of D f : mean RIDIavg spectra, ξ = 5%, DGR3, µ = 4, soil B (a), soil C (b).
6.4. Influence of soil conditions
More pronounced influences seem to be exerted by changes in the soil stiffness, as illustrated in Figs. 17–19, where
mean Rδ , RIDIavg and RIDImax spectra for the DGR3 model, with 0 ≤ D f ≤ 90, ξ = 5% and ductility ratios equal to 4
and 6 are plotted. In both the cases of displacement and drift, whatever the maximum or average spectra, differences
subsist between curves evaluated for stiff and soft soil-site conditions. The largest deviations are detected for soft soil-
site conditions, for periods less than 1.0 s. In particular, ordinates relevant to soil D appear to exceed those evaluated
for stiffer soils, especially for µ = 6. In that case soil D curves relevant to the SDOF systems displacement spectra,
while lying above soils A, B, and C curves for periods less than 1.0 s, appear to reverse such a trend markedly for
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Fig. 14. Influence of D f : mean RIDIavg spectra, ξ = 5%, DGR3, µ = 6, soil B (a), soil C (b).
Fig. 15. Influence of D f : mean RIDImax spectra, ξ = 5%, DGR3, µ = 4, soil B (a), soil C (b).
Fig. 16. Influence of D f : mean RIDImax spectra, ξ = 5%, DGR3, µ = 6, soil B (a), soil C (b).
periods greater than 2.0 s approximately. This does not occur for the average and maximum drift spectra, apart from
the case of lower magnitudes and considerably large periods, though to a minor extent.
6.5. Influence of the displacement ductility ratio
The response of both the SDOF and MDOF systems appears to be notably affected by the level of the inelastic
behaviour, measured through the displacement ductility ratio, µ. Figs. 20–22 show mean Rδ , RIDIavg and RIDImax
constant ductility spectra obtained subjecting systems with ξ = 5% to records with 0 ≤ D f ≤ 90 and 6.5 ≤
Mw ≤ 7.0. The plots are relevant to soil type A, left side, and soil type D, right side of the figures, i.e. those with
stiffness characteristics at the two extremes of the soil classification herein adopted (Table 1). Essentially, the relation
between inelastic and elastic responses of both the SDOF and MDOF systems turns out in an amplification of the
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Fig. 17. Influence of soil conditions: mean Rδ spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, µ = 4, (a), µ = 6, (b).
Fig. 18. Influence of soil conditions: mean RIDIavg , spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, µ = 4, (a), µ = 6, (b).
Fig. 19. Influence of soil conditions: mean RIDImax spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, µ = 4, (a), µ = 6, (b).
displacements in the range of low to medium periods. It can be observed that, the higher the ductility, the more such
an amplification is marked. As far as Rδ and RIDImax spectra are concerned, such effects become less evident as the
fundamental periods of the systems decrease, vanishing around T = 1.0 s approximately in case the stiffer soil is
considered, Figs. 20(a) and 22(a), while remaining appreciable up to T = 1.5 s approximately in case of the less stiff
soil, Figs. 20(b) and 22(b). Conversely, in the range of medium to high periods, the differences between the inelastic
and elastic responses appear negligible, in accordance with the well known equal-displacement rule. Depending on the
accelerometric signal, the maximum elastic displacements attained by the oscillators that have relatively high periods
of vibration may constitute an upper bound as the ductility ratio varies. The same considerations do not apply to
RIDIavg mean spectra entirely. In fact it appears that, at least for fundamental periods greater than 1.0 and 1.5 s, i.e. in
the ranges of periods corresponding to the more flexible MDOF systems, the inelastic response expressed in terms of
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Fig. 20. Influence of µ: mean Rδ spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, 6.5 ≤ Mw ≤ 7.0, soil A (a), soil D (b).
Fig. 21. Influence of µ: mean RIDIavg spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, 6.5 ≤ Mw ≤ 7.0, soil A (a), soil D (b).
Fig. 22. Influence of µ: mean RIDImax spectra, ξ = 5%, DGR3, 0 ≤ D f ≤ 90, 6.5 ≤ Mw ≤ 7.0, soil A (a), soil D (b).
IDIavg is less than the corresponding elastic response. The significance of this effect increases with the system capacity
of performing excursions in the inelastic domain. Remembering the definition of RIDIavg , Eq. (13), such a result can
be interpreted in the light of the fact that, as far as tall frame structures are concerned, the displacement demand and
thus the damage level generally concentrate in the lower storeys rather than in the upper ones. Consequently, the shear
deformation of a tall frame structure could assume such shapes that, while the local inelastic response corresponding
to the lower storeys is significantly amplified in comparison with the elastic one, the inelastic displacement of the top
storey, δtop, may be fairly less than the corresponding elastic quantity.
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Table 4
Approximate equations for Rδ and RIDImax mean spectra: constant coefficients C1 and C2
µ Soil Rδ RIDImax
C1 C2 C1 C2
2 A 12 0.8 10 0.8
B 12 0.8 10 0.8
C 8 0.8 7 0.8
D 6 0.8 5 0.8
4 A 12 0.8 11 0.8
B 12 0.8 11 0.8
C 8 0.8 8 0.8
D 6 0.8 6 0.8
6 A 12 0.8 12 0.8
B 12 0.8 12 0.8
C 8 0.8 8 0.8
D 6 0.8 6 0.8
7. Simplified equations for displacement and drift ratios
The results discussed in the previous sections allow one to affirm that the inelastic displacement and drift ratios
depend strongly on the period of vibration and on the ductility in the short and medium period range. Moreover, the
influence of the soil type appears particularly significant for the ground motions recorded on soft soil. By contrast,
magnitude, source-to-site distance, and hysteretic behaviour do not significantly affect the displacement and drift
ratios. Only in the case of soft soil and largest magnitude and distances, the influence of hysteretic model should be
taken into account.
Simplified expressions are then derived to relate the ratios Rδ , and RIDImax to the significant parameters, in order to
facilitate a rapid assessment of the inelastic displacement and drift demands corresponding to specified ductility ratios,
directly from the elastic displacement and drift demands. The adopted functional form is obtained by recurring to the
equation proposed by Miranda [16] for the displacement ratio of the SDOF systems, which yields correctly the limits
correspondent to Rδ → µ as T → 0 and Rδ → 1 as T →∞. Such a trend does not fit the mean spectra of the average
drift index satisfactorily since, as previously underlined, in the range of long periods RIDIavg attains values sensibly
less than unity. In the present study, the same form is assumed for the functions constituting the approximations of Rδ
and RIDImax , i.e.,
R(·) =
[
1+
(
1
µ
− 1
)
e
(−C1Tµ−C2 )]−1 (19)
in which R(·) may in turn denote the quantities Rδ and RIDImax , while the coefficients C1 and C2 are defined
correspondingly as functions of the displacement ductility ratio, µ, and of the soil conditions (Table 4). For the sake
of simplicity, the value C2 = 0.8 was adopted for all considered levels of ductility and soil classes, according to the
proposal reported in Miranda [16] and Decanini et al. [12].
Once the functions defined by Eq. (19) and Table 4 have been defined, the inelastic displacement and drift demands
of the SDOF and MDOF systems, for a specified level of ductile behaviour, can easily be derived from the previous
knowledge of the corresponding elastic demands, respectively as
δ(µ = µ∗) = Rδ · δ(µ = 1) (20)
IDImax(µ = µ∗) = RIDImax · IDImax(µ = 1). (21)
A comparison between the approximate spectra obtained using Eq. (19) and the values of the coefficientsC1 andC2
given in Table 4, and mean Rδ and RIDImax spectra is reported in Figs. 23 and 24 respectively, relevant to intermediate
soils B, left side, and C, right side, for ductility ratio µ = 4, damping ratio ξ = 5% and 0 ≤ D f ≤ 90. It appears
that the simplified expressions provide good approximations of computed mean displacement and drift ratios, in the
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Fig. 23. Comparison of approximate and mean Rδ spectra. Soil B (a), soil C (b); ξ = 5%, DGR3, 0 ≤ D f ≤ 90.
Fig. 24. Comparison of approximate and mean RIDImax spectra. Soil B (a), soil C (b); ξ = 5%, DGR3, 0 ≤ D f ≤ 90.
whole range of periods considered. Analogous results were obtained for firm and soft soils, and for ductility ratios 2
and 6.
8. Conclusions
The primary goals of this investigation were: (i) to characterize the inelastic displacement and drift demand,
respectively for SDOF and MDOF systems exposed to earthquake ground motions; (ii) to quantify the influence
of both aspects intrinsic of structures, such as stiffness, ductility and hysteretic behaviour, and factors pertaining to
the exterior context, such as earthquake magnitude, source-to-site distance, and local soil-site conditions; and (iii) to
evaluate inelastic displacement and drift ratios so that the assessment of the inelastic displacement and drift demands
can be accomplished from maximum elastic displacements and drifts. In order to characterize the inelastic behaviour
of the MDOF systems representative of real multi-storey frame structures, an equivalent discrete shear-type model
has been adopted. The results of a statistical study of inelastic displacement and drift ratios computed for the SDOF
and MDOF systems subjected to a large number of strong motion records and enduring prescribed levels of inelastic
deformation have been presented.
It is shown that while the influence of magnitude, source-to-site distance, and characteristics of the degrading
constitutive laws appears to be of scarce significance, displacement and drift ratios are strongly affected by soil-
site conditions, ductility ratios, and fundamental periods of the SDOF and MDOF systems examined. Maximum
inelastic displacement and drift demands appeared, on average, to exceed the corresponding elastic ones in the short
and medium-period spectral regions. In these spectral regions, displacement and drift ratios increase as the level of
inelastic deformation increase, and decrease as the period of vibration increases. The period at which mean spectra of
the inelastic displacement ratio for the SDOF systems, Rδ , and mean spectra of the inelastic maximum inter-storey
drift ratio, RIDImax , assume values close to unity depends on both ductility ratio and soil stiffness since, on average,
it moves towards the medium to long-period spectral regions as the ductility ratio increases and the soil stiffness
decreases. A different trend was detected in the medium to long-period spectral regions for the mean spectra of the
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inelastic average inter-storey drift ratio, RIDIavg , as in these regions the inelastic demand may become smaller than the
elastic demand, depending on the ductility ratio.
Finally, simplified expressions depending on the significant parameters proved to constitute a good approximation
of the computed mean spectra of the inelastic displacement ratio for the SDOF systems, Rδ , and of the inelastic
maximum inter-storey drift ratio, RIDImax .
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Appendix
Earthquakes used in this study
Earthquake Year Month Day Hour Mw Earthquake Year Month Day Hour Mw
Imperial Valley, USA 1940 5 19 4:37 7.0 Morgan Hill 1984 4 24 21:15 6.2
Parkfield, USA 1966 6 28 4:26 6.1 Umbria, Italy 1984 4 29 5:02 5.6
Borrego Mtn, USA 1968 4 9 2:30 6.6 Nahanni, Canada 1985 12 23 – 6.8
San Fernando, USA 1971 2 9 14:00 6.6 Kalamata, Greece 1986 9 13 17:24 5.9
Managua, Nicaragua 1972 12 23 6:29 6.2 N. Palm Springs, USA 1986 7 8 9:20 6.0
Friuli, Italy 1976 5 6 20:00 6.5 San Salvador, El Salvador 1986 10 10 17:49 5.8
Gazli, USSR 1976 5 17 – 6.8 Whittier Narrows, USA 1987 10 1 14:42 6.0
Friuli, Italy 1976 9 11 16:35 5.5 Superstitn Hills(B), USA 1987 11 24 13:16 6.7
Friuli, Italy 1976 9 15 9:21 6.0 Spitak, Armenia 1988 12 7 – 6.8
Friuli, Italy 1976 9 15 3:15 6.0 Loma Prieta, USA 1989 10 18 – 6.9
Montenegro, ex Yugoslavia 1979 4 15 6:19 6.9 Sicilia Orientale, Italy 1990 12 13 – 5.6
Basso Tirreno, Italy 1978 4 15 23:33 6.0 Cape Mendocino, USA 1992 4 25 18:06 7.0
Coyote Lake, USA 1979 8 6 17:05 5.7 Erzican, Turkey 1992 3 13 – 6.9
Norcia, Italy 1979 9 19 21:36 5.8 Northridge, USA 1994 1 17 12:31 6.7
Imperial Valley, USA 1979 10 15 23:16 6.5 Kobe, Japan 1995 1 16 20:46 6.9
Livermore, USA 1980 1 27 2:33 5.4 Kozani, Greece 1995 5 13 8:47 6.5
Livermore, USA 1980 1 24 19:00 5.8 Dinar, Turkey 1995 10 1 15:57 6.2
Mammoth Lakes, USA 1980 5 25 16:49 5.7 Umbria-Marche, Italy 1997 9 26 09:40 6.0
Irpinia, Italy 1980 11 23 19:34 6.9 Umbria-Marche, Italy 1997 10 14 15:23 5.7
Banja Luka, Bosnia 1981 8 13 – 5.7 Umbria-Marche, Italy 1997 9 26 00:33 5.7
Westmorland 1981 4 26 12:09 5.8 Athens,Greece 1999 9 7 11:56 5.9
Lazio-Abruzzo, Italy 1984 5 11 10:41 5.5
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